We carefully investigate the gravitational equations of the brane world, in which all the matter forces except gravity are confined on the 3-brane in a 5-dimensional spacetime with Z2 symmetry. We derive the effective gravitational equations on the brane, which reduce to the conventional Einstein equations in the low energy limit. From our general argument we conclude that the first Randall & Sundrum-type theory (RS1) [hep-ph/9905221] predicts that the brane with the negative tension is an anti-gravity world and hence should be excluded from the physical point of view. Their second-type theory (RS2) [hep-th/9906064] where the brane has the positive tension provides the correct signature of gravity. In this latter case, if the bulk spacetime is exactly anti-de Sitter, generically the matter on the brane is required to be spatially homogeneous because of the Bianchi identities. By allowing deviations from anti-de Sitter in the bulk, the situation will be relaxed and the Bianchi identities give just the relation between the Weyl tensor and the energy momentum tensor. In the present brane world scenario, the effective Einstein equations cease to be valid during an era when the cosmological constant on the brane is not well-defined, such as in the case of the matter dominated by the potential energy of the scalar field.
tension was investigated. Then a non-perturbative aspect of the theory was investigated [6] . The final fate of gravitational collapse was discussed in the brane world picture [7] . The inflation solution has been discovered [8] [9] [10] . In these treatments, however, the contribution from matter excitations has not been seriously considered. Such work is partially performed in a cosmological context linked to the conventional Friedman equation [11] [12] [13] [14] . The cosmological solution associated with the heterotic string theory also has been constructed [15] . We mention work on the brane world motivated by the hierarchy problem. Before Randall & Sundrum's work, large extra dimensions were proposed to solve the hierarchy problem [16] . The related cosmology also has been actively investigated [17] .
In this paper, we derive the effective Einstein equations on the 3-brane. For simplicity the bulk spacetime is assumed to have 5 dimensions. In the beginning we do not assume any conditions on the bulk spacetime. Later, we assume the Z 2 -symmetry and confinement of the matter energy momentum tensor on the brane, in accordance with the brane world scenario based on the Horava & Witten theory [2] . The notation basically follows Wald's text [18] .
In the brane world scenario, our 4-dimensional world is described by a domain wall (3-brane) (M, q µν ) in 5-dimensional spacetime (V, g µν ). We denote the vector unit normal to M by n α and the induced metric on M by q µν = g µν − n µ n ν . We start with the Gauss equation,
and the Codacci equation,
where the extrinsic curvature of M is denoted by
is its trace, and D µ is the covariant differentiation with respect to q µν . Contracting the Gauss equation (1) on α and γ, we find
This readily gives
Using the 5-dimensional Einstein equations,
where T µν is the 5-dimensional energy-momentum tensor, together with the decomposition of the Riemann tensor into the Weyl curvature, the Ricci tensor and the scalar curvature;
we obtain the 4-dimensional equations as
where
Note that E µν is traceless. From the Codacci equation (2) and the 5-dimensional Einstein equations (6), we find
So far we have not assumed any particular symmetry nor particular form of the energy momentum tensor. From now on, we take a brane world scenario. For convenience, we choose a coordinate χ such that the hypersurface χ = 0 coincides with the brane world and n µ dx µ = dχ, which implies
This is a condition on the coordinate in the direction of the extra dimension. We assume this choice is possible at least in the neighbourhood of the brane, (M, q µν ). In more explicit terms, we assume the 5-dimensional metric to have the form,
Bearing brane world spirit in mind, we assume that the 5-dimensional energy-momentum tensor has the form
with τ µν n ν = 0. Λ is the cosmological constant of the bulk spacetime. λ and τ µν are the vacuum energy and the energy-momentum tensor, respectively, in the brane world. Note that λ is the tension of the brane in 5 dimensions. Properly speaking S µν should be evaluated by the variational principle of the 4-dimensional Lagrangian for matter fields because the normal matter except for gravity is assumed to be living only in the χ = 0 brane. It should be noted that the decomposition of S µν into λq µν and τ µν can be ambiguous, particularly in cosmological contexts.
The singular behaviour in the energy-momentum tensor leads us to the so-called Israel's junction condition [19] ,
. Now we impose the Z 2 -symmetry on this spacetime, with the brane as the fixed point. Interestingly the symmetry uniquely determines the extrinsic curvature of the brane in terms of the energy momentum tensor,
Hereafter we focus our attention on quantities evaluated on the brane. Because of the Z 2 -symmetry, we may evaluate quantities either on the + or − side of the brane. Hence we omit the indices ± below for brevity. Substituting Eq. (16) into Eq. (8), we obtain the gravitational equations on the 3-brane in the form,
and E µν is the part of the 5-dimensional Weyl tensor defined in Eq. (9) . It should be noted that E µν in the above is the limiting value at χ = +0 or −0 but not the value exactly on the brane. This is our main result. It resembles the conventional Einstein equations in 4 dimensions. In fact, the Einstein equations can be recovered by taking the limit κ 5 → 0 while keeping G N finite. Nevertheless there are some important differences. As can be easily seen, the existence of Newton's gravitational constant G N strongly relies on the presence of the vacuum energy λ. In other words, it becomes impossible to define Newton's gravitational constant during an era when the distinction between the vacuum energy and the normal matter energy is ambiguous. Furthermore, we would have the wrong sign of G N if λ < 0 [12] . The π µν term, which is quadratic in τ µν could play a very important role, especially in the early universe when the matter energy scale is high [11] [12] [13] . In addition to these features that have been pointed out previously, Eq. (17) contains a new term, E µν . It is a part of the 5-dimensional Weyl tensor and carries information of the gravitational field outside the brane. It is non-vanishing
Therefore the contracted Bianchi identities D µ(4) G µν = 0 imply the relation between E µν and τ µν as
Thus E µν is not freely specifiable but its divergence is constrained by the matter term. If one further decomposes E µν into the transverse-traceless part, E T T µν , and the longitudinal part, E L µν , the latter is determined completely by the matter. Hence if the E T T µν part is absent, the equations will be closed solely with quantities that reside in the brane. However, as usually the case in the conventional gravity, the E T T µν part corresponds to gravitational waves or gravitons in 5 dimensions, and they will be inevitably excited by matter motions and their excitations affect matter motions in return. This implies the effective gravitational equations on the brane are not closed but one must solve the gravitational field in the bulk at the same time in general. Since the derivation of equations that govern the evolution of E T T µν is technically complicated, we defer it to Appendix A. Let us now estimate the effect of each term on the right-hand side of Eq. (17). We set κ 2 ). It should be noted that these do not have to be planck scale quantities. One can scale them as
where f is an arbitrary constant, while keeping the gravitational constant G N unchaged. Nevertheless, here we assume M G and M λ to be sufficiently large compared to the characteristic energy scale of the matter which we denote by M .
The first term on the right-hand side of Eq. (17) is the net cosmological constant in 4 dimensions. It is assumed that Λ < 0. Hence Λ 4 may take arbitrary value as one may wish by appropriately specifying the values of Λ and λ. The second term is the contribution from normal matters which should satisfy the local energy condition (assuming the decomposition of S µν into λ and τ µν is well-defined). The π µν term which is quadratic in τ µν is expected to be negligible in the low energy limit. In fact, the ratio of these terms to the third term is approximately given by
We now turn to the Weyl tensor part. First let us consider the longitudinal part E L µν . Since it is determined by τ µν through Eq. (22), we have
This is the same order of magnitude as the π µν term. Second, we consider the E T T µν part. We focus on the effect due to matter excitations on the brane. Here we borrow the discussion of [4] to evaluate the leading order of magnitude of its effect. The gravitational potential between two bodies on the brane is modified via exchange of gravitons living in 5 dimensions as [4] 
where r is the distance between the two bodies and k = κ 2 5 λ/6. Since this effect must be contained in Eq. (17), it should appear in the E µν term. Therefore as a conservative estimate, we obtain
Thus E µν is also negligible in the low energy world. It is, however, worth noting that this term is larger than the terms quadratic in τ µν . The deviation from the ordinary Einstein equations in 4-dimensions first appears from gravitational excitations in the bulk spacetime. From the above estimations we conclude that the effective gravitational equation (17) on the brane reduce to the 4-dimensional conventional Einstein gravity, (4) G µν −Λ 4 q µν + 8πG N τ µν , in the low energy limit. The presence of a well-defined cosmological constant λ is obviously essential here. * Finally, we note an outcome of the constraint (22). We consider the case when the bulk spacetime is pure anti-de Sitter with E µν = 0 and investigate the condition on the matter on the brane. For simplicity, we assume the perfect fluid form for the energy momentum tensor:
The quadratic term π µν in the 4-dimensional effective gravitational equations (17) then becomes
The normal conservation law D ν τ µν = 0 implies
If E µν = 0, the 4-dimensional Bianchi identities imply D ν π µν = 0, which gives
This means ∂ i ρ = 0. Hence an inhomogeneous perfect fluid is rejected. We briefly summarize the present work. We first derived the effective 4-dimensional gravitational equations in 5 dimensions, Eq. (8), without any particular assumptions specific to the brane world scenario. Then based on the brane world scenario, we introduced the Z 2 symmetry and assumed that the matter lives only on the brane, and derived the 4-dimensional effective gravitational equations on the brane, Eq. (17) . The equation tells us that a normal gravitational theory can be obtained on the brane only if the tension is positive, while an RS1-type theory [3] in which the brane has negative tension is rejected from the physical point of view (see also [12] for Friedmann cases). In the case of the brane with positive tension, the Einstein gravity is recovered in the low energy limit. Placing the brane in the 5-dimensional exact anti-de Sitter spacetime imposes a strong condition on the matter in 4-dimensions. In particular, if the matter energy-momentum tensor has the perfect fluid form, only spatially homogeneous universes are allowed. Conversely, this means that the deviation of the bulk spacetime from the exact anti-de Sitter spacetime is essential to describe our real world with matter fields.
We decompose the Weyl tensor into the 'electric' and 'magnetic' parts:
and
B µνα and E µν have the symmetry, 
These equations give the boundary conditions on the brane when one solves the evolution of E µν in 5 dimensions. The equations that govern the evolution of E µν in the bulk (i.e., in the spacetime region away from the brane) are obtained as follows. Using the 5-dimensional Einstein equations (6), Eq. (A14) yields
in the bulk. Also, using Eq. (6) and (8), Eq. (A15) gives
in the bulk. Together with the 4-dimensional Einstein equations (8) in the bulk, Eqs. (A19) and (A20) form a closed system of equations. In particular, one may easily recognize the wave-like character of the transverse part of E µν , which propagates as gravitons in 5 dimensions.
